We show that an origin of the nonequivalence of Hamiltonians in different representations is a change of the form of the time derivative operator at a time-dependent unitary transformation.
Introduction.-The important problem of energy expectation values (EEVs) of a particle in nonstationary external fields has a long history. The basic equation describing a unitary transformation of a time-dependent Hamiltonian operator is well known [1, 2] . The problem of the EEVs has been considered in detail in Refs. [3] [4] [5] [6] . In these works, the dependence of the EEVs on a used representation has been clearly demonstrated. It has been claimed in Refs. [4] [5] [6] that this fact definitely results in a physical nonequivalence of initial and transformed Hamiltonians in the time-dependent case. The problem of physical equivalence of these Hamiltonians has been recently reexamined in Refs. [7] [8] [9] . This problem is very important in relation to the Foldy-Wouthuysen (FW) transformation [1] .
Gorbatenko and Neznamov [8, 9] have demonstrated a possibility to connect Hamiltonians in different representations and have also considered the problem of their physical equivalence.
Goldman [4] and Nieto [5] have shown that derivation of the EEVs from the timedependent Hamiltonians may lead to controversial and even incorrect results. They proceeded from the nonequivalence of different representations in the time-dependent case and explicitly or implicitly supposed that the basic representation is the Dirac one. The same supposition was used in Refs. [6, 10] .
We will show that further developments of theory of the FW transformation fulfilled after the publication of Refs. [3] [4] [5] [6] 10] lead to a different conclusion about the basic representation.
We use the system of units c = 1 whileh is included in quantum-mechanical equations.
Unitary transformations of a time-dependent Hamiltonian operator.-A unitary transformation of any operator except for the Hamiltonian one is given by
where U is a unitary operator transforming the wave function (ψ ′ = Uψ) from the unprimed representation to the primed one. The transformation of the Hamiltonian operator is different because this operator is defined by
As a result, the transformation also involves the operator ih ∂/(∂t). The transformed Hamiltonian is given by [1, 2] 
Since ∂(UU −1 )/(∂t) = 0, the result of the transformation can also be presented as follows [8] :
Evidently, the connection between the initial and transformed Hamiltonians substantially differs from Eq. (1).
The EEV of the particle is defined by
For the particle in nonstationary fields, the operators H and U explicitly depend on time.
In this case, the EEVs in the unprimed and primed representations are not equal to each other [3] [4] [5] [6] [7] 10] . The use of Eqs. (3) and (4) results in
A comparison of Eqs. (5) and (6) demonstrates a nonequivalence of the initial and transformed Hamiltonians in the time-dependent case [4] [5] [6] [7] 10] . Equation (6) shows that Eq.
(5) for the particle EEV can be satisfied in one and only representation. This representation is basic and it cannot be physically equivalent to others.
It has been claimed by Gorbatenko and Neznamov [8, 9] that Hamiltonians related to each other by unitary transformations are physically equivalent. However, the problem of the EEVs has not been considered in Refs. [8, 9] .
Nieto [5] has stated that the operator UHU −1 has the same expectation values as H:
Let the unprimed representation is basic and U is the unitary transformation operator from the unprimed representation to the primed one. Therefore, the energy operator in the primed representation is H ′ = UHU −1 but not H ′ (see Ref. [11] ). This property allows us to obtain correct EEVs in any representation. If the Hamiltonian in a nonbasic (primed) representation is known, the EEV is given by
A possibility to use any representation for a correct description of a quantum system corresponds to fundamental principles of quantum mechanics (QM).
It is easy to explain an origin of the nonequivalence. Equation (2) can be transformed to the form
Thus, time-dependent unitary transformations change the form of the operator ih(∂/∂t) (as well as that of the time operator, t). The spatial components of the four-momentum opera- Otherwise, investigations performed during last twenty years in the framework of the FW transformation in the relativistic QM (see Refs. [13] [14] [15] [16] [17] [18] and references therein) have ascertained a strong resemblance between the Hamiltonians and equations of motion in the FW representation and corresponding classical counterparts. It is important that such a resemblance covers all considered stationary and nonstationary problems in electrodynamics [16, [18] [19] [20] [21] [22] [23] and gravity [24] [25] [26] . It holds true for relativistic particles with spins zero [18, 21] , half [16, 18, 20] and unit [18, 19, 22, 23] in arbitrary (generally, strong)
time-dependent electromagnetic fields as well as for Dirac particles in arbitrary (generally, strong) time-independent [24] and time-dependent [26] gravitational fields and noninertial frames. The similar result has been recently obtained for spin-0 particles in arbitrary timedependent gravitational fields and noninertial frames [25] . It is instructive to mention that the quantum-mechanical description of single particles in strong external fields does not allow for specific effects of quantum field theory except for a phenomenological treatment of anomalous magnetic moments.
We can conclude that the above mentioned replacement of operators brings the relativistic quantum-mechanical FW Hamiltonians to the corresponding classical Hamiltonians. The considered properties make the relativistic QM in the FW representation to be analogous to the nonrelativistic QM.
We need to comment the relation between the operator r in the FW Hamiltonians and the radius-vector r in the classical physics. The latter quantity corresponds to the NewtonWigner position operator [27] ("mean position operator" [1] ) which is equal to r only in the FW representation. In the Dirac representation, this operator substantially differs from r and is given by the cumbersome formula [1] .
The operators of canonical variables, x µ and p µ , are equal to x µ and ih(∂/∂x µ ), respectively, in one and only representation. The previous explanations definitely show this is the FW representation. In the classical physics, p 0 is equal to the Hamiltonian which defines the particle energy and is a function of r, p, t, and the spin s. In the FW representation, the operator p 0 = ih(∂/∂t) should also be equal to the Hamiltonian operator and should define the particle energy. As a result, the Hamiltonian operator is equal to the energy one just in this representation (H F W = H F W ). Therefore,
In the Dirac representation, x µ and ih(∂/∂x µ ) (in particular, ih(∂/∂t)) are not the operators of canonical coordinates and momenta. In this representation, the determination of the EEVs should therefore be based on the general formulas (7) and (8) . In these formulas, the operator U is the transformation operator from the FW representation to the Dirac one.
Thus, the nonequivalence of Hamiltonians in different representations does not lead to the ambiguity of the EEVs.
Let us consider the spin-1/2 particle with anomalous magnetic and electric dipole moments in strong time-dependent electromagnetic fields as an example of fundamental role of the FW representation. In this case, the FW Hamiltonian has the form [20] H F W = βǫ ′ + eΦ + 1 4
, (B·π)(Σ·π) + (Σ·π)(π·B) + 2πh(π·j + j ·π)
, (E ·π)(Π·π) + (Π·π)(π·E)
where µ 0 = eh/(2m) and µ ′ = (g − 2)eh/(4m) are the Dirac and anomalous magnetic mo-
is the density of external electric current. To obtain the classical limit of the FW Hamiltonian, we vanish the Planck constant (h → 0) and substitute the classical quantities for the operators. As a result, we arrive at the equation
where ǫ ′ is a classical counterpart of the corresponding operator and is Ω is the angular velocity of spin precession:
In the classical physics, the angular velocity of spin precession [28] and the Hamiltonian are defined by the same equations.
Now we can check consequences of the assumption that the Dirac representation is the basic one. With this assumption, the difference between the energy operator and the FW Hamiltonian is given by
The right-hand side of this equation contains both even and odd terms. However, odd terms can be disregarded. Since the FW wave functions have only one nonzero spinor (upper and lower for states with positive and negative total energy, respectively [17] ), averaging the odd terms eliminates their contribution to the EEVs.
Partial derivatives with respect to time are hereinafter denoted by dots. The relativistic method of the FW transformation [16, 18] allows us to derive the following equation for the even part of H F W − H F W :
Terms presented in this equation are exact. Terms of the second and higher orders inh which do not relate to the contact interactions are not taken into account (µ ′ and d are proportional toh). An importance of such terms for a derivation of the EEVs has been shown in Ref. [6] . In this work, the nonrelativistic approximation has been used.
Evidently, the assumption of the basic character of the Dirac representation [3] [4] [5] [6] 10] destroys the agreement between the relativistic QM and the classical physics. The considered example confirms the fundamental role of the FW representation in the relativistic QM, in particular, in the determination of the EEVs. it is convenient to split the Dirac Hamiltonian into even and odd operators commuting and noncommuting with the operator β, respectively: [14, 18] .
Equations (3) and (8) show that the energy operator [5, 11] in the Dirac representation is defined by
where U and U F W are the transformation operators from the FW representation to the Dirac one and other way round, respectively.
Let us determine H D with allowance for terms proportional to the zero and first powers ofh. The relativistic FW transformation is fulfilled by iterative methods [16, 18] and the total transformation operator has the form U F W = . . . · U 2 U 1 . Since the first transformation performed with the operator U 1 eliminates main odd terms, 1 − U 2 ∼h. With the given accuracy, ihU
The transformation with the operator U 1 obtained in Ref. [16] (see also Ref. [18] ) results in
where
This general equation provides one with a possibility to calculate the EEVs with timedependent Dirac Hamiltonians.
As an example, we can consider the spin-1/2 particle in strong time-dependent electromagnetic fields. In this case, the Dirac Hamiltonian has the form (16) where
The energy operator which averaging defines the EEVs is given by
The contribution to the EEVs given by the two last terms in Eq. (20) can be rather important. In a similar case, an importance of such a contribution has been shown in Ref.
[6] with the use of the nonrelativistic approximation.
Summary.-Thus, we confirm the result of the previous investigation [5] that the nonequivalence of Hamiltonians in different representations does not lead to an ambiguity of the EEVs. We show that an origin of this nonequivalence is a change of the form of the time derivative operator at a time-dependent unitary transformation. For a particle in nonstationary fields, the energy operator is equal to UHU −1 and does not coincide with the transformed Hamiltonian. Expectation values of the energy operator define the EEVs [5] . However, it has been explicitly or implicitly supposed in Refs. [3] [4] [5] [6] 10 ] that the basic representation in the time-dependent case is the Dirac one. We prove that the comparatively recent developments of theory of the relativistic FW transformation lead to the alternative conclusion about the basic role of the FW representation. As an example of importance of this problem, we have considered the spin-1/2 particle with anomalous magnetic and electric dipole moments in strong time-dependent electromagnetic fields. Since quantum-mechanical equations are usually solved in the Dirac representation, we have also derived the general equation for the EEVs in the Dirac representation.
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